Abstract. We give a detailed description of infinite locally nilpotent groups G such that the index |CG(x) : x | is finite, for every x ⋪ G. We are also able to extend our analysis to all non-periodic groups satisfying a variation of our condition, where the requirement of finiteness is replaced with a bound.
Introduction
In this paper we continue our study, introduced in [3] , of groups with a finiteness condition on centralizers of elements, which was in turn inspired by the results in [1, 2] and [11, 12] . Following [3] , we say that a group G is an FCI-group provided that (1) |C G (x) : x | < ∞ for every x ⋪ G, and if there exists n such that (2) |C G (x) : x | ≤ n for every x ⋪ G, then we say that G is a BCI-group. It is easy to see that free groups satisfy the FCI-condition for every non-trivial element, and it is also known that the same happens with hyperbolic torsion-free groups [4] . Apart from the abelian case, such groups are examples of FCI-groups which are not BCI-groups (Lemma 4.2). Of course Dedekind groups vacuously satisfy the BCI-condition. Further examples of BCI-groups are the generalized dihedral groups [3, Example 2.1], and the Tarski monster groups (i.e. infinite simple p-groups, for p a prime, all of whose proper non-trivial subgroups are of order p). The classes of FCI-and BCI-groups are closed under taking subgroups but, since not all groups are FCI-groups, they are not usually closed under taking quotients. However, the quotient of an FCI-group by a finite normal subgroup is again an FCI-group, and similarly for a BCI-group [3, Proposition 2.2].
For a periodic group G, conditions (1) and (2) imply that |C G (x)| < ∞ for every x ⋪ G. Recall that there are well-known results giving information about the structure of an infinite group simply from the knowledge that the centralizer of one element is finite (see [10, page 263] , and [9] for an account on the topic). In our context, by imposing conditions on a broad set of centralizers, the results are much more precise. In [3] we dealt with infinite locally finite FCI-groups, and with periodic BCI-groups. More precisely, we showed that every infinite locally finite FCI-group is a BCI-group, and it is either a Dedekind group, or an extension of a certain infinite periodic Dedekind group D by an appropriate power automorphism of D of finite order. We also proved that locally graded periodic BCI-groups are locally finite, where the restriction to locally graded groups is imposed to avoid the presence of Tarski monster groups.
Our goal in the present paper is to extend our earlier work to infinite locally nilpotent FCI-groups, and to all non-periodic BCI-groups. As in the realm of locally finite groups, we are able to give a detailed description of such groups, which are again certain cyclic extensions of Dedekind groups. Actually, in the case of periodic locally nilpotent groups (Theorem 3.2), we can get an easier description than the characterization of infinite locally finite FCI-groups [3, Theorem 4.4] . Furthermore, as it turns out, there is a huge difference between non-periodic locally nilpotent FCI-groups and BCIgroups (compare Theorem 3.7 with Corollary 4.4). Observe also that, since free groups are FCI-groups, one cannot expect detailed results about the structure of non-periodic FCI-groups in general.
Notation. We use mostly standard notation in group theory. In particular, if G is a finite p-group and k ≥ 1, we denote by Ω k (G) the subgroup generated by all elements of G of order at most p k . If G is a periodic group, we write π(G) for the set of prime divisors of the orders of the elements of G; if G is also nilpotent and ϕ is an automorphism of G, we denote by G p the unique Sylow p-subgroup of G, and by ϕ p the restriction of ϕ to G p . Finally, R × stands for the group of units of a ring R, and Z p for the ring of p-adic integers.
Power automorphisms
In this section we collect some preliminary results on power automorphisms of a group that will be needed in the sequel. Recall that an automorphism of a group G is said to be a power automorphism if it sends every element x ∈ G to a power of x. Power automorphisms form an abelian subgroup of Aut G, which we denote by PAut G.
The following lemma can be easily checked. 
In both cases, an isomorphism can be obtained by sending every t ∈ R × to the automorphism given by a → a t for all a ∈ A.
Let A be an abelian p-group, and let ϕ ∈ PAut A. According to (ii) of the previous theorem, every power automorphism of A can be written in the form a −→ a t for some t ∈ Z × p . Simply observe that, if exp A = p n < ∞, it suffices to consider a representative in Z of the element in Z/p n Z given by Theorem 2.2. The p-adic integer t is uniquely determined if exp A = ∞, and it is only determined modulo p n if exp A = p n < ∞. In the sequel, we write exp ϕ = t, if ϕ(a) = a t for every a ∈ A. Lemma 2.3. Let ϕ be a power automorphism of an abelian p-group A of finite rank.
Proof. Given k ≥ 1, let us write t k = 1 + i≥j t i p i where j ≥ 0, t i ∈ {0, . . . , p − 1} for every i and t j = 0. Then a ∈ C A (ϕ k ) if and only if a p j = 1,
Recall that the rank of an abelian p-group is the dimension, as a vector space over the field with p elements, of the subgroup formed by the elements of order at most p. In that case, having finite rank is equivalent to requiring that the group is a direct sum of finitely many cyclic and quasicyclic groups [8, 4.3.13 ]. More generally, if A is an abelian group, the p-rank of A is defined as the rank of A p , and the torsion-free rank, or 0-rank, of A is the cardinality of a maximal independent subset of elements of A of infinite order. These are denoted by r p (A) and r 0 (A), respectively. The total rank of A is
where p runs over all prime numbers, and by definition a soluble group G is said to have finite abelian total rank if it has an abelian series whose factors are of finite total rank. Finally, a group G has finite (Prüfer) rank r if every finitely generated subgroup of G can be generated by r elements and r is the least such integer. For more details we refer to [5, page 84].
Locally nilpotent FCI-groups
This section is devoted to infinite locally nilpotent FCI-groups. We split the determination of such groups into two cases, according as the group is periodic or not.
If an infinite locally nilpotent FCI-group is periodic, then Theorem 4.4 of [3] is available. Nevertheless, in this case, it will be easier to apply that theorem to an appropriate Sylow subgroup than to the whole FCI-group. We supply for the reader's convenience the characterization of an infinite locally finite p-group which is also an FCI-group. Proof. By Theorem 4.4 of [3] , G is an infinite locally finite FCI-group if and only if p = 2 and G = g, A , where A is infinite abelian of finite rank, and the action of g on A is given by a power automorphism of order m > 1 such that |G : A| = m. In particular A is of infinite exponent, so that m = 2 by (ii) of Theorem 2.2, that is, g acts on A as the inversion. Then C A (g) = Ω 1 (A) and, since g 2 ∈ C A (g), we conclude that the order of g is at most 4. (i) P = g, A is a 2-group, where A is infinite abelian of finite rank, and g is an element of order at most 4 such that g 2 ∈ A and
Proof. Assume first that G is a locally nilpotent FCI-group. Since G is not a Dedekind group, there exists a Sylow p-subgroup P with a non-normal cyclic subgroup x . If we write G = P × Q with Q a p ′ -group, then Q is finite, since it is contained in C G (x) and G is a periodic FCI-group. Thus P is an infinite locally finite p-group which is also an FCI-group, and (i) follows from Lemma 3.1. Since all elements of Q generate a normal subgroup of G, then Q is a Dedekind 2 ′ -group, and in particular it is abelian.
Conversely, let G = P × Q as in the statement. It is obvious that G is locally nilpotent. Furthermore, one can readily see that G is a group of the type described in (ii) of Theorem 4.4 of [3] , and so G is an FCI-group.
Next we consider the non-periodic case. The following lemma is wellknown and an easy exercise. Lemma 3.3. Let G be a locally nilpotent group, and let x ∈ G be an element of infinite order. If
If G is a nilpotent group and the centre of G has finite exponent, then G itself has finite exponent (see, for example, [8, 5.2.22 (i)]). The same proof applies to show that, if N is a normal subgroup of G such that N ∩ Z(G) is of finite exponent, then so is N . This result will be needed in the proof of the following lemma. We also recall that, according to a theorem of Mal'cev, a soluble group of automorphisms of a finitely generated abelian group is polycyclic (see [7, Theorem 3 .27]).
Lemma 3.4. Let G be a nilpotent FCI-group. Then either G is a Dedekind group, or G is finitely generated.
Proof. Suppose that there exists x ∈ G such that x ⋪ G, and that G is not finitely generated. Let A be a maximal abelian normal subgroup of G. Then A = C G (A) [8, 5.2.3] and G/A embeds in Aut A. It follows that A cannot be finitely generated, by the above result of Mal'cev, and therefore a ⊳ G for every a ∈ A: in fact, if there exists a ∈ A such that a ⋪ G, then |A : a | ≤ |C G (a) : a | is finite and A is finitely generated. Let T be the torsion subgroup of A, and suppose T < A. Applying Lemma 3.3, we get A ≤ Z(G). Thus |A : A ∩ x | is finite and A is finitely generated, a contradiction. Hence A must be periodic, in particular A ∩ x is finite. Now G is nilpotent, and so every element of A of prime order lies in Z(G). Furthermore we have
Thus A has finitely many elements of prime order and, consequently, it is of finite total rank. Finally, as mentioned before the lemma, since G is nilpotent and A ∩ Z(G) is finite, A is of finite exponent. This allows us to conclude that A is finite, a contradiction. Proof. Let x ∈ T and y ∈ G \ T . Since G is not abelian, we may assume that y ∈ Z(G). Then, by Lemma 3.3, we have y ⋪ G.
(i) Put H = x, y , and suppose that x ⋪ G. Then C G (x) is finite and, since the torsion subgroup of H is finite, x has finitely many conjugates in H, i.e. |H : C H (x)| is finite. It follows that H is finite, which is a contradiction. This proves that x ⊳ G. Now, if x is of prime order, then x ∈ Z(H). Thus all elements of T of prime order commute with y. Since |C T (y)| ≤ |C G (y) : y | is finite, then π(T ) is finite and T p is of finite rank, for every p ∈ π(T ).
(ii) First we prove that G/T is abelian. Clearly, we may assume that G is finitely generated. Then G is nilpotent, say of class c, and T is finite. Thus G/T is an FCI-group [3, Proposition 2.2] and therefore we may also assume that G is torsion-free. Suppose for a contradiction that G is not abelian, and consider a maximal abelian normal subgroup A of G. If a ∈ A and a ⋪ G, then |A : a | is finite. Since A is torsion-free, we obtain that A is cyclic. But A ⊳ G, so that a ⊳ G, which is a contradiction. Thus every cyclic subgroup of A is normal in G. Therefore G/A embeds in PAut A and, by Theorem 2.2, |G : A| = 2 and a g = a −1 , for all a ∈ A and g ∈ G A. It follows that 1 = [a, c g] = a (−2) c , which is impossible.
Next we show that G/T is locally cyclic. Let us consider a finitely generated subgroup H/T = h 1 T, . . . , h r T of G/T , and let us prove that H/T is cyclic. To this end, we put K = h 1 , . . . , h r , y and prove that KT /T is cyclic. Since K ′ is finitely generated, nilpotent, and contained in T , it follows that K ′ is finite. Hence K is a finitely generated FC-group, i.e. the conjugacy class of every element of K is finite, and then |K : Z(K)| is finite (see Exercise 14.5.2 of [8] ). On the other hand, |Z(K) y : y | ≤ |C G (y) : y | is also finite, since y ⋪ G. Thus |K : y | is finite, and consequently yT has finite index in KT /T . Since KT /T is a torsion-free abelian group, we deduce that KT /T is cyclic, as desired. Now, taking also into account (i), we obtain that G has an abelian series in which the p-rank of each factor (p = 0 or a prime) is finite. In other words, G is a soluble group of finite abelian total rank. By applying 10.4.3 of [5] , there exists a nilpotent subgroup N of G such that N T has finite index in G. It follows that N ∩ T is a proper subgroup of N , and so N can be generated by aperiodic elements. We claim that N is finitely generated. Otherwise N must be a Dedekind group, by Lemma 3.4, and since it is not periodic, N is abelian. But G is an FCI-group and N is not finitely generated, hence all elements of N generate a normal subgroup of G, and by Lemma 3.3, we have N ≤ Z(G). Then |N : N ∩ y | is finite, and N is finitely generated, a contradiction. This completes the proof of the claim. Since G/N T is finite, it follows that G/T is finitely generated. But we know that G/T is locally cyclic, and so we conclude that G/T is cyclic.
It is easy to see that every periodic group containing an infinite abelian subgroup, and in particular every infinite locally finite group [8, 14.3.7] , is abelian whenever the index |C G (x) : x | is finite for every non-central element x ∈ G. This can be extended to infinite locally nilpotent groups as follows.
Corollary 3.6. Let G be an infinite locally nilpotent group. If
Proof. Suppose for a contradiction that G is not abelian. Let T be the torsion subgroup of G. We may assume that T < G. Then T is non-trivial, by (ii) of Lemma 3.5. Let x ∈ T . By (i) of Lemma 3.5 we have x ⊳ G, and so |G : C G (x)| is finite. Applying the hypothesis, we get x ∈ Z(G). Hence T ≤ Z(G) and, by (ii) of Lemma 3.5, G/Z(G) is cyclic. Thus G is abelian, contrary to our assumption.
We are now ready to characterize the non-periodic locally nilpotent FCIgroups. Proof. First of all, let G = g ⋉ D be as in the statement of the theorem. We begin by proving that G is locally nilpotent. By (i), we can extend the definition of t 2 also to the case when D 2 is not abelian, by taking t 2 = 1.
Observe that the condition t p ≡ 1 (mod p), which is required in (ii) for all odd p, also holds for p = 2, since any 2-adic unit is congruent to 1 modulo 2. As a consequence, if d ∈ D p is of order p n , we have
Assume that p is odd, or that p = 2 and D 2 is abelian. Since d ⊳ G, we deduce that d belongs to the nth term, Z n (G), of the upper central series of G. On the other hand,
Furthermore D ≤ Z, so that G/Z is cyclic and we conclude that G is locally nilpotent. Now we prove that G is an FCI-group. Since ϕ ∈ PAut D and D is a Dedekind group, every element of D generates a normal subgroup of G. Hence we only need to show that |C G (x) : x | is finite for every x ∈ G D. Let us write x = g k d, with k ∈ Z {0} and d ∈ D. Notice that
where the first factor of the right-hand side is finite, since G/D is infinite cyclic and x ∈ D. On the other hand, we have
and since π(D) is finite, in order to prove that C D (x) is finite, it suffices to see that C Dp (x) is finite whenever D p is infinite. So let us fix a prime p such that D p is infinite. If p = 2 then this implies that D 2 is abelian, since D 2 is of finite rank and D is a Dedekind group. Thus we always have D p ≤ Z(D) for p as above. As a consequence, C Dp (x) = C Dp (g k ) = C Dp (ϕ k p ). We may assume without loss of generality that k ≥ 1. Now, by conditions (ii) and (iii) of the statement of the theorem, t p is an element of infinite order in Z × p . Then we conclude from Lemma 2.3 that C Dp (ϕ k p ) is finite. This completes the proof that G is an FCI-group.
Conversely, let now G be a non-periodic locally nilpotent FCI-group, and assume that G is not abelian. Let D be the torsion subgroup of G. Then, by Lemma 3.5, all elements of D generate a normal subgroup of G. Also, D is a Dedekind group given by the direct product of finitely many p-groups of finite rank, and G/D is infinite cyclic. Thus we have G = g ⋉ D, for some g ∈ G. Let ϕ be the power automorphism of D induced by conjugation by g, and let t p = exp ϕ p whenever D p is abelian, for every p ∈ π(D). Since G is generated by the coset gD, there exists d ∈ D such that gd / ∈ Z(G). Then gd ⋪ G, by Lemma 3.3, and so C Dp (gd) is finite. Furthermore, since G is locally nilpotent, we have Ω 1 (D p ) ≤ C Dp (gd) for all p ∈ π(D). Let us suppose either that p > 2 or that p = 2 and D 2 is infinite (and so abelian). Then D p ≤ Z(D) and so C Dp (g) = C Dp (gd) is finite and contains Ω 1 (D p ). As a consequence, t p cannot be 1 if D p is infinite. On the other hand, if x ∈ D p is of order p then ϕ(x) = x tp is equal to x, and so t p ≡ 1 (mod p). This proves (ii), and part of (iii).
Next we show that (i) holds. Assume that D 2 is not abelian and write D 2 = Q × A, with Q isomorphic to the quaternion group of order 8 and A elementary abelian of finite rank. We claim that G = D 2 C G (Q). Observe that
, and by Lemma 2.1, PAut Q = Inn Q is of order 4. Hence the first inequality in (3) is an equality, and as a consequence we get G = D 2 C G (Q). Thus we can choose the element g of the previous paragraph in C G (Q). Since g acts as a power automorphism on the elementary abelian 2-group A, we conclude that ϕ 2 is the identity automorphism, as desired. Finally, we complete the proof of (iii) by showing that t 2 = −1 if D 2 is infinite. Note that D 2 is abelian and exp D 2 = ∞. By way of contradiction, assume that t 2 = −1. Let d ∈ D 2 be an element of order greater than
is finite. But, on the other hand, since D 2 is abelian and
, which is infinite. This contradiction completes the proof of the theorem.
The following corollary is analogous to Corollary 4.2 of [3] for infinite locally finite FCI-groups, and the proof is exactly the same, so we omit it. 
BCI-groups
In this section we restrict our attention to BCI-groups. First we recall that, in the periodic case, every locally graded BCI-group is locally finite [3, Theorem 5.3] . This, together with Theorem 3.2, provides the following result. Proof. Suppose that x ⋪ G. Let n be a positive integer such that |C G (g) : g | ≤ n for every g ⋪ G, and let p > n be any prime number. Since 
where A is a non-periodic abelian group of finite 2-rank and g is an element of order at most 4 such that g 2 ∈ A and a g = a −1 for all a ∈ A.
Proof. Obviously, (i) follows from (ii). Next we prove that (i) implies (iii).
Assume that G is a non-periodic BCI-group, and that G is not abelian. Let X be the set of all elements of G which generate a normal subgroup of G, and put A = X . By Lemma 4.2, X contains all elements of G of infinite order. If x ∈ X then G ′ ≤ C G (x), and so we get G ′ ≤ C G (A). Consequently A ′ ≤ Z(A) and A is nilpotent. Then applying (i) of Lemma 3.5 to A, it follows that every element of A generates a normal subgroup of A. Since A is non-periodic, A must be abelian. As a consequence, A is a proper subgroup of G.
Let us now consider an element x of infinite order. Then x ∈ A and A ≤ C G (x). If there exists y ∈ C G (x) A then x ∈ C G (y). But y ⋪ G and y is of finite order, so that C G (y) is finite, which is a contradiction. Hence C G (x) = A, and therefore G/A is cyclic of order 2. Choose an element g ∈ G A. Then G = g, A and x g = x −1 . Since x is an arbitrary element of infinite order, and these elements generate the abelian group A, we have a g = a −1 for all a ∈ A. Thus C A (g) coincides with the set of all elements of A of order at most 2. It follows that g 4 = 1 and, since C A (g) is finite, A is of finite 2-rank.
We conclude by showing that (iii) implies (ii). Let G = g, A be of the form described in (iii), and assume that x ⋪ G. Then x ∈ A, and we can write x = ga for some a ∈ A. We have C A (x) = C A (g) = {a ∈ A | a 2 = 1}, which is finite of order 2 r , say, since A is of finite 2-rank. Consequently |C G (x)| ≤ |G : A||C A (x)| ≤ 2 r+1 , which proves (ii).
We finish with two more results. The first is just an application of the previous theorem. Recall that in the realm of locally finite groups, FCI-and BCI-conditions are equivalent [3, Corollary 4.5] . In contrast, Theorem 3.7 and Corollary 4.4 show that there exist non-periodic locally nilpotent FCI-groups which are not BCI-groups.
Notice also that, contrary to the case of infinite locally finite and locally nilpotent groups (see, for example, Corollary 3.6), where knowing that |C G (x) : x | is finite for all x ∈ G Z(G) was enough to conclude that a group G is abelian, we cannot say so if G is only non-periodic. Indeed, the infinite dihedral group is an example of such a group which is not abelian. Nevertheless, this is not the case if the requirement of finiteness is replaced with a bound. Proposition 4.5. Let G be a non-periodic group, and assume that for some n we have |C G (x) : x | ≤ n for every x ∈ G Z(G). Then G is abelian.
Proof. Let x ∈ G be an element of infinite order. Arguing as in the proof of Lemma 4.2, we obtain that x is central. On the other hand, if g ∈ G is of finite order, then g = x −1 (xg) is also central. Thus G is abelian.
